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Abstract

The performance of k-ary n-cube interconnection networks is analyzed under the assumption
of constant wire bisection. It is shown that low-dimensional k-ary n-cube networks (e-g.,
tori) have lower latency and higher hot-spot throughput than high-dimensional networks
(e.g., binary n-cubes) with the same bisection width.

1 Introduction

The critical component of a concurrent computer is its communication network. Many
algorithms are communication rather than processing limited. The performance of these
algorithms depends on high-throughput low-latency communication. In this paper we inves-
tigate the class of k-ary n-cube interconnection networks and show that under an assumption
of constant wire density, low-dimensional networks out perform high-dimensional networks.

As the grain size of concurrent computers continues to decrease, communication latency
becomes a more important factor. As grain size shrinks, the diameter of the machine
grows, messages occur more frequently, and fewer instructions are executed in response
to each message. To execute fine grain concurrent programs efficiently, communication
networks must be designed to minimize latency.

Network topology is discussed in Section 2. The family of k-ary n-cube networks is de-
scribed. Section 3 introduces wormhole routing [16], a low-latency routing technique. Net-
work cost is determined primarily by wire density. Section 4 introduces the idea of bisection
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width, and discusses delay models for network channels. Finally in Section 5 the perfor-
mance of these networks is calculated under the assumption of constant wire density. It is
shown that low-dimensional networks achieve lower latency and better hot-spot throughput
than do high-dimensional networks and that total network throughput is independent of
dimension.

2 k-ary n-cubes

Many different network topologies have been proposed for use in concurrent computers:
trees [4] [10] [17], Benes networks(3], Batcher sorting networks [1], shuffle exchange networks
[18], Omega networks [9], indirect binary n-cube or flip networks [2] [14], and direct binary
n-cubes [15], [12], [19]. The binary n-cube is a special case of the family of k-ary n-cubes,
cubes with n dimensions and k nodes in each dimension. '

Most concurrent computers have been built using networks that are either k-ary n-cubes
or are isomorphic to k-ary n-cubes: meshes, tori, direct and indirect binary n-cubes, and
Omega networks. Thus, in this paper we restrict our attention to k-ary n-cube networks.
It is the dimension of the network that is important, not the details of its topology. We
refer to n as the dimension of the cube and k as the radiz. Dimension, radix, and number
of nodes are related by the equation

N =k", (k: YN, n=logkN). (1)

A node in a k-ary n-cube can be identified by an n-digit radix k address, ag,...,an_1. The
+*h digit of the address, a;, represents the nodes position in the i*h dimension. Each node
can send messages to its upper neighbor in each dimension, 1, with address, ag,...,a; +
1(modk),. .., an-1.

In this paper we assume that our k-ary n-cube are unidirectional for simplicity. We will
see that our results do not change appreciably for bidirectional networks. For an actual
machine, however, there are many compelling reasons to make our networks bidirectional.
Most importantly, bidirectional networks allow us to exploit locality of communication. If
an object, A, sends a message to an object, B, there is a high probability of B sending a
message back to A. In a bidirectional network, a round trip from A to B can be made short
by placing A and B close together. In a unidirectional network, a round trip will always
involve completely circling the machine in at least one dimension.

Figures 1-3 show three k-ary n-cube networks in order of decreasing dimension. Figure 1
shows a binary 6-cube (64 nodes). A 3-ary 4-cube (81 nodes) is shown in Figure 2. An
8-ary 2-cube (64 nodes), or torus, is shown in Figure 3. Each line in Figure 1 represents two
communication channels, one in each direction, while each line in Figures 2 and 3 represents
a single communication channel.



Figure 1: A Binary 6-Cube Embedded in the Plane
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Figure 2: A Ternary 4-Cube Embedded in the Plane

Figure 3: An 8-ary 2-Cube (Torus)
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Figure 4: Latency of store-and-forward routing (top) vs. wormhole routing (bottom).

3 Wormhole Routing

In this paper we consider networks that use wormhole[16] rather than store-and-forward
[20] routing. Instead of storing a packet completely in a node and then transmitting it to
the next node, wormhole routing operates by advancing the head of a packet directly from
incoming to outgoing channels. Only a few flow control digits (flits) are buffered at each
node. A flit is the smallest unit of information that a queue or channel can accept or refuse.

As soon as a node examines the header flit(s) of a message, it selects the next channel on
the route and begins forwarding flitsa down that channel. As flits are forwarded, the message
becomes spread out across the channels between the source and destination. It is possible
for the first flit of a message to arrive at the destination node before the last flit of the
message has left the source. Because most flits contain no routing information, the flits in
a message must remain in contiguous channels of the network and cannot be interleaved
with the flits of other messages. When the header flit of a message is blocked, all of the
flits of a message stop advancing and block the progress of any other message requiring the
channels they occupy.

A method similar to wormhole routing, called virtual cut-through, is described in [8]. Virtual
cut-through differs from wormhole routing in that it buffers messages when they block,
removing them from the network. With wormhole routing, blocked messages remain in the
network.



Figure 4 illustrates the advantage of wormhole routing. There are two components of
latency, distance and message aspect ratio. The distance, D, is the number of hops required
to get from the source to the destination. The message aspect ratio (message length, L,
normalized to the channel width, W) is the number of channel cycles required to transmit
the message across one channel. The top half of the figure shows store-and-forward routing.
The message is is entirely transmitted from node Ny to node Ny, then from Ni to N; and
so on. With store-and-forward routing, latency is the product of D, and %

Tsp =T, (D x %) . @)

The bottom half of Figure 4 shows wormhole routing. As soon as a flit arrives at a node, it
is forwarded to the next node. With wormhole routing latency is reduced to the sum of D
and 'v%

Twa =T, (D + é) : (3)

In both of these equations, T is the channel cycle time, the amount of time required to
perform a transaction on a channel.

4 VLSI Complexity

VLSI computing systems [11] are wire-limited; the complexity of what can be constructed
is limited by wire density, the speed at which a machine can run is limited by wire delay,
and the majority of power consumed by a machine is used to drive wires. Thus, machines
must be organized both logically and physically to keep wires short by exploiting locality
wherever possible. The VLSI architect must organize a computing system so that its form
(physical organization) fits its function (logical organization).

Networks have traditionally been analyzed under the assumption of constant channel band-
width. Under this assumption each channel is one bit wide (W = 1) and has unit delay
(Te = 1). The constant bandwidth assumption favors networks with high dimensionality
(e.g., binary n-cubes) over low-dimensional networks (e.g., tori). This assumption, however,
is not consistent with the properties of VLSI technology. Networks with many dimensions
require more and longer wires than do low-dimensional networks. Thus, high-dimensional
networks cost more and run more slowly than low-dimensional networks. A realistic com-
parison of network topology must take both wire density and wire length into account.

To account for wire density, we will use bisection width [21] as a measure of network cost.
The bisection width of a network is the minimum number of wires cut when the network
is divided into two equal halves. Rather than comparing networks with constant channel
width, W, we will compare networks with constant bisection width. Thus, we will compare
low-dimensional networks with large W with high-dimensional networks with small W.
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Figure 5: A Folded Torus System
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The delay of a wire depends on its length, I. For short wires, the delay, t,, is limited by
charging the capacitance of the wire and varies logarithmically with wire length.
ty = Tinvelog, K1, (4)

where 7,y is the inverter delay, and K is a constant depending on capacitance ratios.

For long wires, delay, ¢, is limited by the speed of light.

t = I@ (5)

In this paper we will consider three delay models: constant delay, 7. independent of length,

logarithmic delay, T. « logl, and linear delay, T. o I. Our main result, that latency is
minimized by low-dimensional networks, is supported by all three models.

5 Performance

In this section we compare the performance of unidirectional k-ary n-cube interconnection
networks using the following assumptions:

e Networks must be embedded into the plane®.

e Nodes are placed systematically by embedding 3 logical dimensions in each of the
two physical dimensions. We assume that both n and k are even integers. The long

8If a three-dimensional packaging technology becomes available, the comparison changes only slightly.
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end-around connections shown in Figure 3 can be avoided by folding the network as
shown in Figure 5.

e For networks with the same number of nodes, wire density is held constant. Each
network is constructed with the same bisection width, B, the total number of wires
crossing the midpoint of the network. To keep the bxsectlon width constant, we vary
the width, W, of the communication channels. We normalize to the bisection width
of a bit-serial (W = 1) binary n-cube.

e The networks use wormhole routing.
¢ No more than a single bit is in transit on any wire at a given time.

e Channel delay, T¢, is a function of wire length, I. We begin by considering channel
delay to be constant. Later, the comparison is performed for both logarithmic and
linear wire delays; T, o log! and T},  I.

When k is even, the channels crossing the midpoint of the network are all in the highest
dimension. For each of the /N rows of the network, there are Ic(2 1) of these channels in

each direction for a total of 2v/N. k(3-1) channels. Thus, the bisection width, B, of a k-ary
n-cube with W-bit wide communication channels is

B(k,n) = 2w VER(E-) = VX (6)

For a binary n-cube, k = 2, the bisection width is B(2,n) = WN. We set B equal to N
to normalize to a binary n-cube with unit width channels, W = 1. The channel width
W (k,n), of a k-ary n-cube with the same bisection width, B, follows from (6):

’

2W(kn)N __
k _N’

(7)
W(k,n) =%

The peak wire density is greater than the bisection width in networks with n > 2 because the

lower dimensions contribute to wire density. The maximum density, however, is bounded
by

5.1 21 2
Dinas = 2W\/_Zk‘—k\/—2k‘—k\/—( 1)

=0 =0
kvVN (\/_ 11) < (‘k%i) B.

A plot of wire density as a function of position for one row of a binary 20-cube is shown
in Figure 6. The density is very low at the edges of the cube and quite dense near the
center. The peak density for the row is 1364 at position 341. Compare this density with

(8)
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Figure 6: Wire Density vs. Position for One Row of a Binary 20-Cube

the bisection width of the row, which is 1024. In contrast, a two-dimensional torus has a
wire density of 1024 independent of position. One advantage of high-radix networks is that
they have a very uniform wire density. They make full use of available area.

Each processing node connects to 2n channels (n input and n output) each of which is -
bits wide. Thus, the number of pins per processing node is

N, = nk. 9

A plot of pin density as a function of dimension for N = 256, 16K and 1M nodes?* is shown
in Figure 7. Low dimensional networks have the disadvantage of requiring many pins per
processing node. A two-dimensional network with 1M nodes (not shown) requires 2048
pins and is clearly unrealizable. However, the number of pins decreases very rapidly as the
dimension, n, increases. Even for 1M nodes, a dimension 4 node has only 128 pins. All of
the configurations that give low latency also give a reasonable pin count.

5.1 Latency

Latency, T;, is the sum of the latency due to the network and the latency due to the

1K =1024 and, 1M = 1K x 1K = 1048576.
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Figure 7: Pin Density vs. Dimension for 256, 16K, and 1M Nodes
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processing node,
Tt = Thet + Thode- (10)

In this paper we are concerned only with Thet. Techniques to reduce Tyoge are described in

(5]

If we select two processing nodes, P;, P;, at random, the average number of channels that
must be traversed to send a message from P; to P; is given by

D(kyn) = ("—;-1) n. (11)

The average latency of a k-ary n-cube is calculated by substituting (7) and (11), into (3)

=7, ((£52) e 1), @

Figure 8 shows the average network latency, Tpet, as a function of dimension, n, for k-ary
n-cubes with 2° (256), 2! (16K), and 2%° (1M) nodes®. The left most data point in this
figure corresponds to a torus (n = 2) and the right most data point corresponds to a binary
n-cube (k = 2). This figure assumes constant wire delay, T, and a message length, L,
of 150 bits. Although constant wire delay is unrealistic, this figure illustrates that even
ignoring the dependence of wire delay on wire length, low-dimensional networks achieve
lower latency than high-dimensional networks.

The latency of the tori on the left side of Figure 8 is limited almost entirely by distance.
The latency of the binary n-cubes on the right side of the graph is limited almost entirely
by aspect ratio. With bit serial channels, these cubes take 150 cycles to transmit their
messages across a single channel.

In an application that exploits locality of communication, the distance between communi-
cating objects is reduced. In such a situation, the latency of the low dimensional networks
(the left side of Figure 8 is reduced. High dimensional networks, on the other hand, cannot
take advantage of locality. Their latency will remain high.

In general the lowest latency is achieved when the component of latency due to distance,
D, and the component due to message length, {f,—, are approximately equal, D ~ %’; For
the three cases shown in Figure 8, minimum latencies are achieved for n = 2, 4, and 5
respectively.

The length of the longest wire in the system, I, becomes a bottleneck that determines the
rate at which each channel operates, T,. The length of this wire is given by

I(k,n) = k371, (13)

If the wires are sufficiently short, delay depends logarithmically on wire length. If the
channels are longer, they become limited by the speed of light, and delay depends linearly

®For the sake of comparison we allow radix to take on non-integer values. For some of the dimensions
considered, there is no integer radix, k, that gives the correct number of nodes. In fact, this limitation can
be overcome by constructing a mized-radiz cube.
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